Proportional delay is a particular case of time dependent delay. In this article, we consider differential equations involving multiple delays. The series solution of this equation leads to a class of special functions. This class of special functions is independent from all the existing special functions obtained as a solution of differential equations. We analyze the basic properties of this class and discuss various identities and relations.
Introduction
Special functions are plying a vital role in the solutions of differential equations. Exponential, sine, cosine, hypergeometric and Mittag-Leffler are important classes of special functions arising as solutions of various classical and fractional differential equations. Though there is a huge literature devoted to the special functions arising from ordinary differential equations (ODEs), there is a lack of corresponding literature in delay differential equations (DDE). In [1, 2] we discussed the solutions of a class of DDE viz. proportional delay differential equations and provided the solutions in terms of new special functions. In this article, we generalize the DDEs considered in [2] to involve multiple delays. Since the differential equations without delay are inequivalent to the differential equations involving delay, the special functions proposed in this article are independent from the existing special functions.
Preliminaries
In this section, we discuss some basic definitions and results [3, 4] . 
Definition 2.3. The generalized Laguerre polynomials are defined as
Definition 2.6. Let f ∈ C α and α ≥ −1, then the (left-sided) Riemann-Liouville integral of order µ, µ > 0 is given by
Note that for 0 ≤ m − 1 < α ≤ m and β > −1
Definition 2.8. Mittag-Leffler function of order α > 0 is defined by the series
Daftardar-Gejji and Jafari Method
Daftardar-Gejji and Jafari Method (DJM) [5] is one of the popular methods applied to solve nonlinear equations of form
where L and N are linear and nonlinear operators respectively and f is known function. In this case, the DJM provides the solution in the form of series
12), the DJM series terms are generated as bellow:
(2.13)
3 Existence, uniqueness and convergence:Nonlinear Case
First, we consider the nonlinear equation
The Eq. (3.1) is a particular case of time dependent delay differential equation (DDE)
We present convergence result of this series solution motivated from [6] .
Suppose that f satisfies Lipschitz type condition
Then the DJM series solution (3.2) of DDE (3.1) converges uniformly in the interval [0,b].
Proof. Without loss of gerenality, assume that y(0) = 1. The equivalent integral equation of (3.1) is
Using DJM, we get y 0 (x) = 1,
Using induction, we get
Taking summation over m, we get
Thus, by [7] , we can conclude that the series solution of (3.1) converges uniformly in the interval [0,b] . Hence existence of (3.1) is proved. The uniqueness is of solution is obvious by condition (3.3).
Stability analysis
The following definitions and theorems are generalization of corresponding definition and theeorems given in [8] . 
where g : 
is stable at equilibrium y * and 
Linear equation: Exact solution
Consider the differential equation involving multiple proportional delays,
where q 0 = 1, 0 < q i < 1 and a 0 , a i ∈ R, i = 1, 2, 3, · · · , n. The equation (5.1) has applications in Science and Engineering [9, 10] . Integrating (5.1), we get
Using successive approximation, we obtain y 0 (x) = 1,
. . .
∴ The exact solution of (5.1) is
If we define
This solution of (5.1) provides a novel special function
Note: We use a brief notations R(ā;q; x) for the special function R(a 0 , a 1 , · · · , a n ; q 0 , q 1 , · · · , q n , x) and (ā;q) m for
6 Analysis Theorem 6.1. The power series
has infinite radius of convergence.
Proof. Suppose
If R is radius of convergence of (6.1) then by using ratio test [11]
Thus the series has infinite radius of convergence. 
Proof. Since q 0 = 1, 0 < q i < 1 and a 0 , a i ≥ 0, i = 0, 1, 2, 3, · · · , n, we have
Similarly, we have
From (6.2) and (6.3), we get
Generalization to fractional order DDE
Consider the fractional delay differential equation involving multiple proportional delays, a i x α , 0 ≤ x < ∞.
Conclusions
In this paper, we have obtained a new special function arising from differential equation involving multiple proportional delays. The solution is obtained by applying the successive approximation method. The existence, uniqueness, stability and convergence results for the time dependent delay differential equations are presented in this paper. The new special function exhibit different properties and relations. The generalization to fractional order case is also presented.
